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ELEMENTS OF HIGHER HOMOTOPY GROUPS
UNDETECTABLE BY POLYHEDRAL APPROXIMATION

JOHN K. ACETI AND JEREMY BRAZAS

When nontrivial local structures are present in a topological space X, a
common approach to characterizing the isomorphism type of the n-th ho-
motopy group ,(X, x¢) is to consider the image of x,(X, x¢) in the n-
th Cech homotopy group 7, (X, x¢) under the canonical homomorphism
W, : m,(X, x9) = 7,(X, x9). The subgroup ker(¥,) is the obstruction to
this tactic as it consists of precisely those elements of 7, (X, xy), which can-
not be detected by polyhedral approximations to X. In this paper, we use
higher dimensional analogues of Spanier groups to characterize ker(¥,). In
particular, we prove that if X is paracompact, Hausdorff, and LC"~!, then
ker(¥,) is equal to the n-th Spanier group of X. We also use the perspective
of higher Spanier groups to generalize a theorem of Kozlowski-Segal, which
gives conditions ensuring that ¥, is an isomorphism.

1. Introduction

When nontrivial local structures are present in a topological space X, a common
approach to characterizing the isomorphism type of 7, (X, x¢) is to consider the
image of 7,(X, xo) in the n-th Cech (shape) homotopy group 7, (X, xo) under the
canonical homomorphism ¥, : 7, (X, xo) — 7,(X, xo). The n-th shape kernel
ker(W,) is the obstruction to this tactic as it consists of precisely those elements
of 7, (X, xo), which cannot be detected by polyhedral approximations to X. This
method has proved successful in many situations for both the fundamental group
[Cannon and Conner 2006; Eda and Kawamura 1998; Fischer and Guilbault 2005;
Fischer and Zastrow 2005] and higher homotopy groups [Brazas 2021; Eda and
Kawamura 2000a; 2010; Eda et al. 2013; Kawamura 2003]. In this paper, we
study the map W, and give a characterization the n-th shape kernel in terms of
higher-dimensional analogues of Spanier groups.

The subgroups of fundamental groups, which are now commonly referred to
as “Spanier groups,” first appeared in E.H. Spanier’s unique approach [1966] to
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covering space theory. If % is an open cover of a topological space X and x¢ € X,
then the Spanier group with respect to 7% is the subgroup JTISp (% , xp) of m1 (X, x0)
generated by path-conjugates [o][y][a]~! where « is a path starting at xo and y
is a loop based at «(1) with image being contained in some element of % . These
subgroups are particularly relevant to covering space theory since, when X is
locally path-connected, a subgroup H < (X, x¢) corresponds to a covering map
p: (Y, yo) = (X, xp) if and only if nISp (% , x9) < H for some open cover % [Spanier
1966, 2.5.12]. The intersection 77 (X, xo) = (), 7" (%, xo) is called the Spanier
group of (X, x¢) [Fischer et al. 2011]. The inclusion nlsp (X, xo0) € ker(W;) always
holds [Fischer and Zastrow 2007, Proposition 4.8]. It is proved in [Brazas and
Fabel 2014, Theorem 6.1] that JTIS P(X, x9) = ker(¥) whenever X is paracompact
Hausdorff and locally path connected. The upshot of this equality is having a
description of level-wise generators (for each open cover %) whereas there may
be no readily available generating set for the kernel of a homomorphism induced
by a canonical map from X to the nerve |N(%)|. Indeed, 1-dimensional Spanier
groups have proved useful in persistence theory [Virk 2020]. Since much of applied
topology is based on a geometric refinement of polyhedral approximation from
shape theory, there seems potential for higher dimensional analogues to be useful
as well.

Higher dimensional analogues of Spanier groups recently appeared in [Bahredar
et al. 2021] and are defined in a similar way: Jr,fp (% , xp) is the subgroup of
7w, (X, x9) consisting of homotopy classes of path-conjugates « * f where « is a
path starting at xo and f : $” — X is based at «(1) with image being contained in
some element of /. Then n,f P(X, x¢) is the intersection of these subgroups. In
this paper, we prove a higher-dimensional analogue of the 1-dimensional equality
nfp (X, x9) = ker(¥) from [Brazas and Fabel 2014].

A space X is LC" if for every neighborhood U of a point x € X, there is a
neighborhood V of x in U such that every map f : S — V, 0 <k < n is null-
homotopic in U. When a space is LC", “small” maps on spheres of dimension < n
contract by null-homotopies of relatively the same size. Certainly, every locally
n-connected space is LC". However, when n > 1, the converse is not true even for
metrizable spaces. Our main result is the following.

Theorem 1.1. Letn > 1 and xo € X. If X is paracompact, Hausdorff, and LC" ™!,
then n,fp (X, x9) = ker(\W,,).

This result confirms that higher Spanier groups, like their 1-dimensional counter-
parts, often identify precisely those elements of 7, (X, xo) which can be detected
by polyhedral approximations to X. More precisely, under the hypotheses of
Theorem 1.1, g € n,fp (X, xo) if and only if f4(g) =0foreverymap f: X — K to
a polyhedron K. A first countable path-connected space is LCY if and only if it



ELEMENTS UNDETECTABLE BY POLYHEDRAL APPROXIMATION 223

is locally path connected. Hence, in dimension n = 1, Theorem 1.1 only expands
[Brazas and Fabel 2014, Theorem 6.1] to some nonfirst countable spaces.

Regarding the proof of Theorem 1.1, the inclusion JrnS P(X, xo) C ker(¥,) was
first proved for n = 1 in [Fischer and Zastrow 2007, Proposition 4.8] and for n > 2
in [Bahredar et al. 2021, Theorem 4.14]. We include this proof for the sake of
completion (Corollary 3.11). The proof of the inclusion ker(W¥,) C n,f P(X, x0)
appears in Section 5 and is more intricate, requiring a carefully chosen sequence of
open cover refinements using the LC"~! property. These refinements allow one to
recursively extend maps on simplicial complexes skeleton-wise. These extension
methods, established in Section 4, are similar to methods found in [Kozlowski and
Segal 1977; 1978].

We also put these extension methods to work in Section 6 where we identify
conditions that imply W, is an isomorphism. Kozlowski and Segal [1978], proved
that if X is paracompact Hausdorff and LC", then W, is an isomorphism. Fischer
and Zastrow [2007], generalized this result in dimension n = 1 by replacing “LC!”
with “locally path connected and semilocally simply connected.” Similar, to the
approach of Fischer and Zastrow, our use of Spanier groups shows that the existence
of small null-homotopies of small maps S" — X (specifically in dimension 7) is not
necessary to prove that W, is injective. We say a space X is semilocally m,-trivial
if for every x € X there exists an open neighborhood U of x such that every map
S$" — U is null-homotopic in X. This definition is independent of lower dimensions
but certainly LC" = (LC"~! and semilocally 7,-trivial). Our second result proves
Kozlowski—Segal’s theorem under a weaker hypothesis and is stated as follows.

Theorem 1.2. Let n > 1 and xo € X. If X is paracompact, Hausdorff, LC"~"', and
semilocally m,-trivial, then V,, : w,(X, xo) — 7,(X, x0) is an isomorphism.

The hypotheses in Theorem 1.2 are the homotopical versions of the hypotheses
used in [Mardesié¢ 1959] to ensure that the canonical homomorphism ¢, : H,(X) —
I-VI,, (X) is an isomorphism; see also [Eda and Kawamura 2000b] regarding the
surjectivity of ¢,. Examples show that W, can fail to be an isomorphism if X
is semilocally 7,-trivial but not LC"~!' (Example 7.4) or if X is LC"~! but not
semilocally 7, -trivial (Example 7.5).

The authors are grateful to the referee for many suggestions, which substantially
improved the exposition of this paper.

2. Preliminaries and notation

Throughout this paper, X is assumed to be a path-connected topological space
with basepoint x¢. The unit interval is denoted / and S” is the unit n-sphere with
basepoint dyg = (1,0, ...,0). The n-th homotopy group of (X, xo) is denoted
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(X, x9). If f:(X, x0) = (Y, yo) is a based map, then fy: 7, (X, xo) = 7,(Y, o)
is the induced homomorphism.

A path in a space X is amap « : I — X from the unit interval. The reverse of o
is the path given by o~ (#) = o(1 — ¢) and the concatenation of two paths «, 8 with
a (1) = B(0) is denoted « - B. Similarly, if f, g : S — X are maps based at x € X,
then f - g denotes the usual n-loop concatenation and f~ denotes the reverse map.
We may write [[/L, f; to denote an m-fold concatenation fi - f2- -+ + fin.

2.1. Simplicial complexes. We make heavy use of standard notation and theory of
abstract and geometric simplicial complexes, which can be found in texts such as
[Mardesi¢ and Segal 1982; Munkres 1984]. We briefly recall relevant notation.

For an abstract (geometric) simplicial complex K and integer r > 0, K, denotes
the r-skeleton of K. If K is abstract, | K| denotes the geometric realization of K
with the weak topology. If K is geometric, then sd” K denotes the m-th barycentric
subdivision of K and if v is a vertex of K, then st(v, K) denotes the open star of
the vertex v. When L C K is a subcomplex, sd™ L is a subcomplex of sd” K. If
o ={vg, vy, ..., v} isar-simplex of K, then [vg, vy, ..., v.] denotes the r-simplex
of | K| with the indicated orientation.

We frequently make use of the standard n-simplex A, in R" spanned by the origin
o0 and standard unit vectors. Since the boundary dA, = (A,),—1 is homeomorphic
to $"~1, we fix a based homeomorphism dA, = 71 that allows us to represent
elements of 7, (X, x9) by maps (0A,+1,0) — (X, X0).

2.2. The Cech expansion and shape homotopy groups. We now recall the con-
struction of the first shape homotopy group 71 (X, xo) via the Cech expansion. For
more details; see [MardeSi¢ and Segal 1982].

Let O(X) be the set of open covers of X directed by refinement; we write
¥ > % when ¥ refines 7/. Similarly, let O(X, x¢) be the set of open covers with a
distinguished element containing xo, i.e., the set of pairs (%, Uy) where % € O(X),
Up € %, and x¢ € Uy. We say (¥, Vy) refines (%, Uy) if ¥ > % and Vy C U.

The nerve of a cover (%, Ug) € O(X, xp) is the abstract simplicial complex
N (%) whose vertex set is N(% )9 = % and vertices Ao, ..., A, € % span an
n-simplex if (\;_, A; # &. The vertex Uy is taken to be the basepoint of the
geometric realization | N (7% )|. Whenever (¥, Vp) refines (%, Up), we can construct
a simplicial map pyy : N(¥) — N(%), called a projection, by sending a vertex
Ve N )toavertex U € % such that V C U. In particular, we make a convention
that py v (Vo) = Up. Any such assignment of vertices extends linearly to a simplicial
map. Moreover, the induced map |py | : |[N(¥)| — |[N(% )| is unique up to based
homotopy. Thus the homomorphism py 4 : 1 (|N(¥)], Vo) = T (IN(%)]|, Uy)
induced on fundamental groups is (up to coherent isomorphism) independent of the
choice of simplicial map.
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Recall that an open cover % of X is normal if it admits a partition of unity
subordinated to 7. Let A be the subset of O(X, x¢) (also directed by refinement)
consisting of pairs (%, Up) where % is a normal open cover of X and such that
there is a partition of unity {¢y}yes subordinated to % with ¢y, (xg) = 1. It is
well-known that every open cover of a paracompact Hausdorff space X is normal.
Moreover, if (%, Uy) € O(X, xp), it is easy to refine (%, Uyp) to a cover (¥, Vp)
such that Vj is the only element of ¥ containing x¢ and therefore (¥, V) € A.
Thus, for paracompact Hausdorff X, A is cofinal in O(X, xp).

The n-th shape homotopy group is the inverse limit

7 (X, x0) = Uim(m, (IN(Z)|, Uo), parv#, A).

This group is also referred to as the n-th Cech homotopy group.

Given an open cover (%, Up) € O(X, xg), amap py : X — |N(%)| is a (based)
canonical map if p;/I (st(U, N(%))) C U for each U € % and p4 (x9) = Up. Such
a canonical map is guaranteed to exist if (%, Up) € A: find a locally finite partition
of unity {¢y}yes subordinated to % such that ¢y, (xo) = 1. When U € % and
x € U, determine p4 (x) by requiring its barycentric coordinate belonging to the
vertex U of [N (% )| to be ¢y (x). According to this construction, the requirement
bu,(x0) = 1 gives py (x0) = Up.

A canonical map ps is unique up to based homotopy and whenever (¥, Vj)
refines (%, Uyp), the compositions p 4 o py and py are homotopic as based maps.
Hence, for n > 1, the homomorphisms

Pt (X, x0) = m,(IN(%)|, Up)

satisfy po y4 o py# = pa#. These homomorphisms induce the following canonical
homomorphism to the limit, which is natural in the continuous maps of based
spaces:

v, (X, x0) = ﬁn(Xa X0) giVen by W, ([fD)=Upzo fD.

The subgroup ker(W¥,), which we refer to as the n-th shape kernel is, in a
rough sense, an algebraic measure of the n-dimensional homotopical information
lost when approximating X by polyhedra. Since (p4 ) forms an HPol-expansion
of X [Mardesi¢ and Segal 1982, Appendix 1, Sectin 3.2, Theorem 8], we have
[f] € (X, xo)\ ker(¥,,) if and only if there exist a polyhedron K and a map
p (X, x9) = (K, ko) such that ps([f]) # 0 in 7, (K, kp). Of utmost importance
is the situation when ker(¥,) = 0. In this case, 7, (X, x¢) can be understood as
a subgroup of 7, (X, xg), that is, the n-th shape group retains all the data in the
n-th homotopy group of X. A space for which ker(W, ) = 0 is said to be m,,-shape
injective.
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3. Higher Spanier groups

To define higher Spanier groups as in [Bahredar et al. 2021], we briefly recall the
action of the fundamental groupoid on the higher homotopy groups of a space. Fix a
retraction R : §" x I — §" x {0}U{dp} x I. Given amap f : (S§", dy) — (X, yp) and
apath o : I — X with ¢(0) = x¢ and «(1) = yp, define F : S" x {0}U{dp} x I - X
so that g(x,0) = f(x) and f(dp, t) = (1 —t). The path-conjugate of f by o is
the map a * f : (§", do) — (X, xo) given by a * f(x) = F(R(x, 1)).

Path-conjugation defines the basepoint-change isomorphism ¢y, : 7, (X, yo) —
(X, x0), o ([ f]) =[x f]. In particular, [a* f][oekg] =[x (f-g)]. Additionally,
if [«] = [B], which we write to mean that the paths o and 8 are homotopic relative
to their endpoints, then [« * f] = [B * f]. Note that whenn =1, f : S' > Xisa
loopanda* f ~a- f-a”.

Definition 3.1. Letn > 1 and « : ({,0) — (X, xo) be a path and U be an open
neighborhood of «(1) in X. Define

la] *m,(U) = {[a* f] € m, (X, x0) | f(S") CU, f(do) =a(1)}.
Since [a* fllaxg]l=[a*(f-g)], the set [a]*m, (U) is a subgroup of 7, (X, xq).

Definition 3.2. Let n > 1, % be an open cover of X, and xo € X. The n-th
Spanier group of (X, xo) with respect to % is the subgroup ﬂ,,Sp (%, xp) of m,, (X, x0)
generated by the subgroups [«] * 7, (U) for all pairs («, U) with «(1) € U and
U € % . In short

TP (U, x0) = ([ * 7, (U) | U € %, a(1) € U).
The n-th Spanier group of (X, x¢) is the intersection

TP (X, x0)= [ 7. x0).
% €0 (X)

We may refer to subgroups of the form n,fp (% , xp) as relative Spanier groups and
Sp .
to 7, (X, xo) as the absolute Spanier group.

Remark 3.3. We note that our definition of n-th Spanier group is the “unbased”
definition from [Bahredar et al. 2021]; see also [Fischer et al. 2011] for more on
“based” Spanier groups, which is defined using covers of X by pointed open sets.
The two notions agree for locally path connected spaces. When n = 1, Spanier
groups (absolute and relative to a cover) are normal subgroups of 7 (X, x¢). In the
case n = 1, Spanier groups have been studied heavily due to their relationship to
covering space theory [Spanier 1966].

Remark 3.4 (functorality). Let Top, denote the category of based topological
spaces and based continuous functions and Grp and Ab denote the usual categories
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of groups and abelian groups respectively. If f : (X, xg) — (Y, yo) is a map
and ¥ is an open cover of Y, then = {(f~Y(V) |V e ¥}is an open cover
of X such that fu(m, (%, x9)) C JT,,(”I/ Y0)- It follows that f#(nnp(X xp)) €
nnp(Y vo). Thus (fa)| 25 (X oo Jr,, P(X, x0) — nn P(Y, yo) is well-defined showing
that nlp Tops — Grp and 7,,” : Top, — Ab, n > 2, are functors [Bahredar et al.
2021, Theorem 4.2]. Moreover, if g : (¥, yo) = (X, x0) is a based homotopy inverse
of f, then ( f#)|mfp (X.x0) and (g#)|nnsp (V.yp) T€ inverse isomorphisms. Hence, these
functors descend to functors hTop, — Grp and hTop, — Ab where hTop, is the
category of based spaces and basepoint-relative homotopy classes of based maps.

Remark 3.5 (basepoint invariance). Suppose xo, x; € X and 8 : I — X is a path
from x to xo, and ¢g : m, (X, x0) — 7, (X, x1), pg([g]) = [B * g] is the basepoint-
change isomorphism. If [« % f] is a generator of Jr;fp (% , x0), then <p,3( ax f])=

(,B ) * f1is a generator of 7,7 (%, x1). It follows that <pﬁ(7rnp(% X0)) =
n,, P9, x1). Moreover, in the absolute case, we have ga,g(nn (X, xo))_nn (X, x1).
In particular, changing the basepoint of X does not change the isomorphism type
of the n-th Spanier group, particularly its triviality.

In terms of our choice of generators, a generic element of 71,‘,9 P , xo) is a product
[T/Z, [ * f;] where each map f; : S” — X has an image in some open set U; € %
(see Figure 1). The next lemma identifies how such products might actually appear
in practice and motivates the proof of our key technical lemma, Lemma 5.1. Recall
that (sd™ A,+1), is the union of the boundaries of the (n + 1)-simplices in the m-th
barycentric subdivision sd™ A, 1.

Lemma 3.6. Form,neN, let % be an open cover of X and f : ((sd™ A,i1)n, 0) =
(X, x0) be a map such that for every (n + 1)-simplex o of sd” A,+1, we have
f(00) C U for some U € %. Then fa(rm, ((sd” Ayi1)n, 0)) C Jr,fp(%, X0).

Proof. The case n = 1 is proved in [Brazas and Fabel 2014]. Suppose n > 2
and set K = sd™ A,4. The set # = {f~'(U) | U € %} is an open cover of
Ky = (54" Apy1)n such that fu(ms? (#, 0)) C 73l (%, xo) and for every (n + 1)-
simplex o in K, we have do € f~!(U) for some U € % . Thus it suffices to prove
7,(K,, 0) C nnSp(W, 0). Let S be the set of (n + 1)-simplices of K. Since n > 2,
K, is simply connected. Standard simplicial homology arguments give that the
reduced singular homology groups of K, are trivial in dimension < n and H,(K,)
is a finitely generated free abelian group. A set of free generators for H, (K,) can be
chosen by fixing the homology class of a simplicial map g, : dA,4+1 — K, that sends
0 A, +1 homeomorphically onto the boundary of an (n+ 1)-simplex o € S. Thus K,
is (n — 1)-connected and the Hurewicz homomorphism #% : 73 (K, 0) — Hy(K})
is an isomorphism for all 1 < k < n. In particular, let p, : I — K, be any
path from o to g, (0). Then 7, (K, 0) is freely generated by the path-conjugates
[ps * g1, 0 € S. By assumption, for every o € S, [ps * g5] is a generator of
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Figure 1. An element of nZS P(% , x¢), which is a product of three
path-conjugate generators [¢; * f;].

71;,9 Py, 0). Since Jrns Py, 0) contains all the generators of 1, (K, 0), the inclusion
72Ky, 0) C TP (#, 0) follows. O

To characterize the triviality of relative Spanier groups, we establish the following
terminology.

Definition 3.7. Let n > 0 and x € X. We say the space X is:

(1) Semilocally m,-trivial at x if there exists an open neighborhood U of x in X
such that every map S"” — U is null-homotopic in X.

(2) Semilocally n-connected at x if there exists an open neighborhood U of x in
X such that every map Sk > X, 0<k<nis null-homotopic in X.

We say X is semilocally m,-trivial (resp. semilocally n-connected) if it has this
property at all of its points.

It is straightforward to see that X is semilocally n-connected at x if and only if
X is semilocally mi-trivial at x for all 0 < k < n.

Remark 3.8. A space X is semilocally m,-trivial if and only if X admits an open
cover % such that n,f P , xp) is trivial [Bahredar et al. 2021, Theorem 3.7]. More-
over, X is semilocally n-connected if and only if X admits an open cover % such
that n,f P, x¢) is trivial for all 1 < k < n. Note that local path connectivity is
independent of the properties given in Definition 3.7.
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Attempting a proof of Theorem 1.1, one should not expect the groups 71;,9 P, xo)
and ker(ps#) to agree “on the nose.” Indeed, the following example shows that we
should not expect the equality n;,g P , xo) = ker(py4) to hold even in the “nicest”
local circumstances.

Example 3.9. Let X = 5% v §? and W be a contractible neighborhood of d in S2.
Set Uy = S? v W and U, = W Vv S? and consider the open cover Z = {Uy, U}
of X. Then 713S P, xg) = 77 is freely generated by the homotopy classes of the
two inclusions iy, i» : S — X. However, 73(X) = 73 is freely generated by [i{],
[i2], and the Whitehead product [[i1, i>]l. However |N(% )| is a 1-simplex and is
therefore contractible. Thus ker(pg#) is equal to 73(X) and contains [i, i2]]. Even
though the spaces X, U;, U, are locally contractible and the elements of % are
1-connected, n,f P( , xy) is a proper subgroup of ker(ps#). One can view this
failure as the result of two facts: (1) The sets U; are not 2-connected and (2) the
definition of Spanier group does not allow one to generate homotopy classes by
taking Whitehead products of maps S? — U; in the neighboring elements of % .

First, we show the inclusion ]T;,g P(X, x9) € ker(¥,) holds in full generality.
Recall that the intersections 7" (X, xo) = Nuecox TP (U , xo) and ker(W,) =
N @ .Uyen Ker(pa4) are formally indexed by different sets.

Lemma 3.10. For every open cover % of X and canonical map py : X — |N (%)),
there exists a refinement ¥ = % such that n,lSp (7, x9) C ker(pays) in m,(X, xp).

Proof. Let % € O(X). The stars st(U, |N(%)|), U € % form an open cover of
|N (% )| by contractible sets and therefore ¥ = {p;/1 (st(U, IN()])) |U € %} is an
open cover of X. Since py is a canonical map, we have pg;/l (st(U, |NZ)|)) cU
for all U € % . Thus ¥ is a refinement of % . A generator of J'r;fp (7, x0) 1s of the
form [« * f] for amap f:S" — p;/l (st(U, IN(%)|)). However, py o f has image
in the contractible open set st(U, |N(%)|) and is therefore null-homotopic. Thus
pus(la x £1) = 0. We conclude that py (" (¥, xo)) = 0. O

Corollary 3.11 [Bahredar et al. 2021, Theorem 4.14]. Let n > 1. For any based
space (X, xo), we have n,fp (X, x9) C ker(¥,).

Proof. Suppose [ f] € rr,f P(X, x¢). Given a normal, based open cover (%, Up) € A
and any canonical map py : X — |[N(%)|, Lemma 3.10 ensures we can find a
refinement ¥ > % such that 7" (¥, xo) C ker(py#). Thus [£] € m3? (¥, x0) C
ker(py#). Since (% , Uy) is arbitrary, we conclude that [ ] € ker(¥,). Ol

Example 3.12 (higher earring spaces). An important space, which we will call
upon repeatedly for examples, is the n-dimensional earring space

E, = Jtx e R | llx = (1/,0,0,..., 00 = 1/j},
jeN
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which is a shrinking wedge (one-point union) of n-spheres with basepoint the
origin o. It is known that E,, is (n — 1)-connected, locally (n — 1)-connected, and
m,-shape injective for all n > 1 [Eda and Kawamura 2000a; Morgan and Morrison
1986]. However, [, is not semilocally 7,-trivial. Thus n;f P, 0) #0 for any open
cover % of E, even though in the absolute case n;f P(E,, o) is trivial.

Example 3.13. Let n > 3 and notice that E; Vv E,, is not semilocally 7;-trivial
(since it has [E; as a retract) and therefore fails to be semilocally (n — 1)-connected.
However, it has recently been shown that 74 (E; VE,) =0 for 2 <k <n—1 and that
E; v E, is m,-shape injective [Brazas 2021]. Thus E; Vv E, is semilocally mg-trivial
for all k <n —1 except k =1 and n,fp([El V E,, 0) = 0. Thus the failure to be
semilocally n-connected can occur at single dimension less than 7.

4. Recursive extension lemmas

Toward a proof of the inclusion ker(W,) € 71;,9 P(X, xo) for LC"! space X, we
introduce some convenient notation and definitions. If % is an open cover and
A C X, then St(A, %) = |J{U € % | ANU # @}. Note that if A C B, then
St(A, %) CSt(B,%). Also if ¥ = %, then St(A, ¥') C St(A, ). We take the
following terminology from [Willard 1970].

Definition 4.1. Let %, v € O(X):

(1) We say ¥ is a barycentric-star refinement of %/ if for every x € X, we have
St(x, ¥) C U forsome U € % . We write ¥V >, % .

(2) We say 7 is a star refinement of % if for every V € ¥, we have St(V, ¥) C U
for some U € % . We write ¥V >, % .
Note that if % <, ¥V <. #, then % <.« ¥'.

Lemma 4.2 [Stone 1948]. A T| space X is paracompact if and only if for every
% € O(X) there exists ¥V € O(X) such that V >, % .

Definition 4.3. [Mardesi¢ and Segal 1982, Chapter I, Section 3.2.5] Let n €
{0,1,2,3,...,00}. A space X is LC" at x € X if for every neighborhood U
of x, there exists a neighborhood V of x such that V € U and such that for all
0<k<n((k <ooif n =00), every map f : 0Ar+;] — V extends to a map
g: A1 = U. Wesay X is LC" if X is LC" at all of its points.

We have the following evident implications for both the point-wise and global
properties:

X is locally n-connected = X is LC" = X is semilocallyn-connected.

For first countable spaces, the LC" property is equivalent to the “n-tame” property
in [Brazas 2021] defined in terms of shrinking sequences of maps.
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Definition 4.4. Suppose ¥ > % in O(X):

(1) We say ¥ is an n-refinement of %, and write ¥ =" %, if for all 0 < k <n,
V e ¥, and maps f : 0Ary; — V, there exists U € % with V C U and a
continuous extension g : Agy1 — U of f.

(2) We say ¥ is an n-barycentric-star refinement of % , and write ¥ > 7, if for
every 0 <k <n, for every x € X, and every map f : dAx4+1 — St(x, ¥), there
exists U € 7 with St(x, ¥) C U and a continuous extension g : Ay — U

of f.

Note that if ¥ >" % (resp. ¥ > %), then ¥ =k o (resp. ¥ zi ) for all
0<k<n.

Lemma 4.5. Suppose X is paracompact, Hausdorff, and LC". For every % €
O (X), there exists V' € O(X) such that V > % .

Proof. Let % € O(X). Since X is LC", for every U € % and x € U, there
exists an open neighborhood W (U, x) such that W (U, x) € U and such that for
all0 <k <n,eachmap f :9dAx11 — W(U, x) extends to amap g : Agy; — U.
Letw ={WU,x)|U € %,x € U} and note # =" % . Since X is paracompact
Hausdorff, by Lemma 4.2, there exists ¥ € O(X) such that ¥ >, #'.

Fix x’ € X. Then St(x’, ¥) C W (U, x) for some x € U € % . Then St(x’, ) C U.
Moreover, if 0 <k <nand f:3A;1 — St(x’, ¥) is a map, then since f has image
in W(U, x), there is an extension g : Agy; — U. This verifies that ¥ >} %. [

For the next two lemmas, we fix n € N, a geometric simplicial complex K with
dim K =n+ 1, and a subcomplex L C K with dimL <n. Let M[k] = L U K;
denote the union of L and the k-skeleton of K. Since L C K,,, M[n] = K, is the
union of the boundaries of the (n 4 1)-simplices of K. Later we will consider the
cases where (1) K =sd™ A,y and L =sd™ dA,,41 and (2) K =sd” 9A,4» and
L = {o}.

Lemma 4.6 (recursive extensions). Suppose 1 <k <n, % <.V ﬁi_l W,meN,
and f : Mk — 1] — X is a map such that for every (n + 1)-simplex o of K, we
have f(oc N M[k — 1]) C W, for some W, € #. Then there exists a continuous
extension g : Mk] — X of f such that for every (n + 1)-simplex o of K, we have
gloNMIk]) C U, for some Uy € %.

Proof. Supposing the hypothesis, we must extend f to the k-simplices of M [k] that
do not lie in L. Let T be a k-simplex of M[k] that does not lie in L and let S; be
the set of (n + 1)-simplices in K that contain 7. By assumption, S; is nonempty.
We make some general observations first. Since f maps the (k — 1)-skeleton of
each (n + 1)-simplex o € S; into W, and d lies in this (k — 1)-skeleton, we have
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f(@1) < maes, W, . Thus, for all 7, we have

1) S (1) SUW,, 7).
o€eS;

Fix a vertex v, of t and let x; = f(v;). Then x; € W, C St(x;, #) whenever
o € S;. Since # iﬁ_l ¥, we may find V; € ¥ such that St(x;, #) € V; and
such that every map 0 Ay — St(x;, #') extends to a map Ay — V;. In particular,
flar : 0T — W, extends to amap t — V;. We define g : M[k] — X so that it agrees
with f on M[k — 1] and so that the restriction of g to t is a choice of continuous
extension T — V; of f|y;.

We now choose the sets U, . Fix an (n 4 1)-simplex o of K. If the k-skeleton of
o lies entirely in L, we choose any U, € % satisfying W, C U,. Suppose there
exists at least one k-simplex in o not in L. Then whenever 7 is a k-simplex of o
not in L, we have W, C St(x;, #') C V;. Fix a point y, € W,. The assumption
that ¥ >, % implies that there exists U, € % such that St(y,, ¥) € U,. In this
case, we have W, C V; C U, whenever 7 is a k-simplex of ¢ not in L.

Finally, we check that g satisfies the desired property. Again, fix an (n + 1)-
simplex o of K. If t is a k-simplex of o not in L, our definition of g gives
g(t) SV, CU,. If t/ is a k-simplex in o N L, then g(z') = f(z') € W, C U,.
Overall, this shows that g(o N M[k]) € U, for each (n 4+ 1)-simplex o of K. [

A direct, recursive application of the previous lemma is given in the following
statement.

Lemma 4.7. Suppose there is a sequence of open covers
W Za Y S0 Wt Zue - W WS SN S0

and a map fy: M[0] — X such that for every (n + 1)-simplex o of K, we have
fo(eNM[O]) C W for some W € #y. Then there exists an extension f, : M[n] — X
of fo such that for every (n + 1)-simplex o of K, we have f,(00) C U for some
UeW,.

5. A proof of Theorem 1.1

We apply the extension results of the previous section in the case where K =
sd™ A, 41 for some m € N and L =sd™ 0A, 1 so that M[k] = L U K} consists of
the n-simplices of the boundary of A, and the k-simplices of sd” A, not in the
boundary. Note that M[n] is the union of the boundaries of the (n 4 1)-simplices
of sd™ A, y1.

Lemma 5.1. Let n > 1. Suppose X is paracompact, Hausdorff, and LC"~'. Then

for every open cover % of X, there exists (V,Vy) € A such that ker(pyy) C
s

nnp(%a X0).
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Proof. Suppose % € O(X). Since X is paracompact, Hausdorff, and LC"~!, we
may apply Lemmas 4.2 and 4.5 to first find a sequence of refinements

U =Up =<5 Vo <"V Uy <=2 < <L <. <L %

and then one last refinement %4 <, ¥ = ¥. Let Vy € ¥ be any set containing
xo and recall that since X is paracompact Hausdorff (¥, Vp) € A. We will show
that ker(py4) C n,fp (% , xp). Note that p;l(st(V, N (7)) C V by the definition of
canonical map py .

Suppose [ f] € ker(pys#) is represented by a map f : (|]0A,+1], 0) = (X, x0).
We will show that [ f] € n,fp(%,xo). Then py o f :|0A,+1| — |N(¥)] is null-
homotopic and extends toamap h : |A, 41| = [N(¥)|. Set Yy = h=Y(st(V, N(¥)))
so that % = {Yy | V € ¥} is an open cover of |A,41].

We find a particular simplicial approximation for % using the cover % [Munkres
1984, Theorem 16.1]: let A be a Lebesgue number for ¢ so that any subset of A,
of diameter less than A lies in some element of %. Find m € N such that each
simplex in sd™ A,y has diameter less than A /2. Thus the star st(a, sd” A1) of
each vertex a in sd” A, lies in a set Yy, € % for some V, € ¥. The assignment
a +— V, on vertices extends to a simplicial approximation 4’ : sd” A,+1 — N (%)
of h, i.e., a simplicial map 4’ such that

h(st(a, sd™ Ay41)) S st(h'(@), N(¥)) = st(Va, N(¥))

for each vertex a [Munkres 1984, Lemma 14.1].

Let K =sd” A,41 and L =sd™ 9 A4 so that M[k] = L U K. First, we extend
f:L— Xtoamap fy: M[0] - X. For each vertex a in K, pick a point fy(a) € V,,.
In particular, if a € L, take fy(a) = f(a). This choice is well defined since, for
a boundary vertex a € L, we have py o f(a) = h(a) € st(V,, [IN(¥)|) and thus
f(@) € py t(Va, INOVD))) € V.

Note that 2" maps every simplex o = [ag, a1, . .., a;] of K to the simplex of
N (7)) spanned by {h'(a;) |0 <i <k} ={V,, |0 <i <k}. By definition of the nerve,
we have (|{V,, |0 <i <k} # . Pickapoint x, € [ |{V, |0 <i <k}.

By our initial choice of refinements, we have % <, 7. lf 0 =[ag, ay, . . ., ay+1]
is an (n + 1)-simplex of K, then St(x,, ¥) C U, for some U, € % . In particular
{fola) |0<i<n+1} S V4 |0<i <n+1} € U,. Thus fy maps the
0-skeleton of o into U,. If 1 <k <mn, 7 is a k-face of o N L with a; € t, then
py o fo(int(t)) = py o f(int(7)) = h(int(7)) C h(st(a;, K)) C st(Vy,, IN(V)]). It
follows that

fo(@) € py! ($5t(Vay, IN()) € Vi S U

Thus for every n-simplex in o N L, we have fo(r) € U,. We conclude that for
every (n + 1)-simplex o of K, we have fo(c N M[0]) C U,.
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By our choice of sequence of refinements, we are precisely in the situation to
apply Lemma 4.7. Doing so, we obtain an extension f, : M[n] — X of f such that
for every (n + 1)-simplex o of K, we have f,(do) € U, for some U, € %, = % .
By Lemma 3.6, we have [ f1=[fulaa,.,]1 € 70" (%, Xo). O

Finally, both inclusions have been established and provide a proof of our main
result.

Proof of Theorem 1.1. The inclusion n,fp (X, x9) € ker(¥,,) holds in general by
Corollary 3.11. Under the given hypotheses, the inclusion ker(¥,) € Jr,}g P(X, x0)
follows from Lemma 5.1. U

When considering examples relevant to Theorem 1.1, it is helpful to compare
m,-shape injectivity with the following weaker property from [Ghane and Hamed
2009].

Definition 5.2. We say a space X is n-homotopically Hausdorff at x € X if no
nontrivial element of 7, (X, x) has a representing map in every neighborhood of x.
We say X is n-homotopically Hausdorff if it is n-homotopically Hausdorff at each
of its points.

Clearly, m,-shape injectivity = n-homotopically Hausdorff. The next example,
which highlights the effectiveness of Theorem 1.1, shows the converse is not true
even for LC"~! Peano continua.

Example 5.3. Fixn > 2 and let £; : $" — [, be the inclusion of the j-th sphere and
define f:[E, — [, to be the shift map givenby fol;=4¢;,1. Let My =[, x[0, 1]/~,
(x,0)~(f(x), 1) be the mapping torus of f. We identify [, with the image of
E, x {0} in M and take o to be the basepoint of M. Let o : I — My be the
loop where a(?) is the image of (o, 7). Then M is locally contractible at all points
other than those in the image of «. Also, every point «(¢) has a neighborhood
that deformation retracts onto a homeomorphic copy of E,. Thus, since E, is
LC" !, s0is X. It follows from Theorem 1.1 that JT,,SP (My,0)=ker(m,(Mys, 0) —
7n(My, 0)). In particular, the Spanier group of M s contains all elements [k g]
where g : " — [, is a based map and k € Z. Using the universal covering map
E — M that “unwinds” o and the relation [g] = [a * (f 0 g)] in 71,(My, 0), it is
not hard to show that these are, in fact, the only elements of the n-th Spanier group.
Hence,

ker(mm, (M ¢, 0) — 7,(My, 0)) = {[¢* % g] | [g] € 74 (s, 0), k € Z},

which is an uncountable subgroup. Moreover, since M ¢ is shape equivalent to the
aspherical space S!, we have 7, (My,0) =0 and thus 7,(M, 0) = {[ozk xg]|[g] e
7, (Ey, 0), k € Z}.
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It follows from this description that, even though M is not ,-shape injective,
M is n-homotopically Hausdorff. Indeed, it suffices to check this at the points
a(t), t € I. We give the argument for «(0) = o, the other points are similar. If
0 # h € m,(My, 0) has a representative in every neighborhood of 0 in M, then
clearly h € ker(V,). Hence, h = [ak gl for [g] € m,(E,, 0) and k € Z. Since My
retracts onto the circle parametrized by «, the hypothesis on 4 can only hold if
k = 0. However, there is a basis of neighborhoods of o in M that deformation
retract onto an open neighborhood of o in E,. Thus [g] has a representative in every
neighborhood of o in 7, (E,, 0), giving h = [g] € ker(r,(E,, 0) — 7, (E,, 0)) =0.

It is an important feature of Example 5.3 that M is not simply connected and
has multiple points at which it is not semilocally 7,-trivial. This motivates the
following application of Theorem 1.1, which identifies a partial converse of the
implication 7,-shape injective = n-homotopically Hausdorff.

Corollary 5.4. Let n > 2 and X be a simply connected, LC"~", compact Hausdorff
space such that X fails to be semilocally m,-trivial only at a single point x € X.
Then for every element g € ker(V,) C m,(X, x) and neighborhood V of x, g is
represented by a map with image in V. In particular, if X is n-homotopically
Hausdorff at x, then X is m,-shape injective.

Proof. Let 0 # g € ker(W,,) C 7, (X, x). By Theorem 1.1, g € 77 (X, x). Since X is
compact Hausdorff, we may replace O (X) by the cofinal subdirected order O (X)
consisting of finite open covers % of X with the property that there is a unique
Ag € % with x € Ay . For each % € Op(X), we can write g = ]_[Z":Qf law.i* fu.il
where fy ; : S" — Uy ; is a non-nullhomotopic map for some Uy ; € % and ay ;
is a path from x to fy ;(do).

Let V be an open neighborhood of x. We check that g is represented by a map
with image in V. Since X is LC? at x, there exists an open neighborhood V' of x
such that any two points of V' may be connected by a path in V. Fix 2 € Op(X)
such that Ay, € V'. Then Ay C V' whenever ¥ € Op(X) refines %.

We claim that for sufficiently refined ¥, all of the maps fy ; have image in V.
Suppose, to obtain a contradiction, there is a subset T C {¥ € Op(X) | ¥ = %},
which is cofinal in Or(X) and such that for every ¥ € T there exists iy €
{1,2,...,my} and dy € §" such that ffy/’,'ﬂ,/ (dy) € Uy/,i\v/ - Ufy/’i\AQ/O. Since X
is compact, we may replace { fy ;, (dy)} with a subnet {x;} e, that converges to a
point y € X. Here, x; = f-//j,,-“,,]_ (dy;) for some directed set J and monotone, final
function J — T given by j > 7;. Let Y be an open neighborhood of y in X. Find
# € Op(X) such that there exists Wy € # such that y € Wy and St(Wp, #) C Y.
Since {x;} is subnet that converges to y, there exists k € J such that 7, > # and
xr € Wy. We have x; € Im(f%(,i"Vk) C U7/I<si"1/k C W for some W € # and thus
Im(fy/k,wk) C Uy, SSt(Wy, #') C Y. However, for every ¥ € Or(X), fr.i, 1S
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not null-homotopic in X. Thus, since Y represents an arbitrary neighborhood of y,
X is not semilocally m,-trivial at y. By assumption, we must have x = y. Since
{x;} — x, the same argument, but where Y is replaced by V', shows that there
exists sufficiently refined ¥ for which Im(fy ;,,) € V’; a contradiction. Since the
claim is proved, there exists %] > % in Op(X) such that whenever ¥ > %, we
have Im(fy ;) C V' foralli € {1,2,...,my}.

Fix ¥ >%1 in Op(X). Foralli {1, 2, ..., my}, wemay findapath 8y ;: I — V
from x to fy ;(dp). Since X is simply connected, we have [ovy ;% fo, i 1=[Bv.i* fo.i]
for all i. Thus g is represented by [/ By i * fr i, which has image in V. ]

Remark 5.5 (topologies on homotopy groups). Given a group G and a collection
of subgroups {N; | j € J} of G such that for all j, j' € J, there exists k € J
such that Ny € N; N Nj,, we can generate a topology on G by taking the set
{gN; | j € J,g € G} of left cosets as a basis. We can apply this to both the
collection of Spanier subgroups Jr;,g P(% , x¢) and the collection of kernels ker(p#)
to define two natural topologies on 7, (X, xo):

(1) The Spanier topology on 1, (X, x¢) is generated by the left cosets of Spanier
groups 7, (% , xg) for % € O(X).

(2) The shape topology on m,(X, x9) is generated by left cosets of the kernels
ker(pa#) where (%, Ug) € A. Equivalently, the shape topology is the initial
topology with respect to the map ¥, where the groups 7, (|N(%)|, Up) are
given the discrete topology and 7, (X, xo) is given the inverse limit topology.

Lemma 3.10 ensures the Spanier topology is always finer than the shape topology.
Lemma 5.1 then implies that, whenever X is paracompact, Hausdorff, and LC"~!,
the two topologies agree. Moreover, 7, (X, x¢) is Hausdorff in the shape topology
if and only if X is m,-shape injective.

6. When is ¥, an isomorphism?

It is a result of Kozlowski and Segal [1978] that if X is paracompact Hausdorff
and LC", then W, : 7, (X, x) — 7, (X, x) is an isomorphism. This result was first
proved for compact metric spaces in [Kuperberg 1975]. The assumption that X is
LC" assumes that small maps S" — X may be contracted by small null-homotopies.
However, if [, is the n-dimensional earring space, then the cone CE, is LC"~!
but not LC". However, CE, is contractible and so W, is an isomorphism of trivial
groups. Certainly, many other examples in this range exist. Our Spanier group-
based approach allows us to generalize Kozlowski—Segal’s theorem in a way that
includes this example by removing the need for “small” homotopies in dimension 7.
In this section, when % is an open cover of a space X and a distinguished element
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Uy € % containing the basepoint xo has been established or is clear from context,
we will often write % to represent the pair (%, Up) € A.

Lemma 6.1. Let n > 1. Suppose that X is paracompact, Hausdorff, and LC"".
If (faDwen € T1(X, x0), then for every % € A, there exists [g] € m,(X, x) such
that (pa)#((8]) = [f].
Proof. With (%, Up) € A and p4, fixed, consider a representing map

Ju (10 Ap111, 0) = (IN(%)], Uyp).
Let %' = {p;/l(st(U, IN(Z)])) | U € «#}. Since p;/l(st(U, IN(Z)|)) € U for
all U € %, we have % < %'. Applying Lemmas 4.2 and 4.5 we can choose
the following sequence of refinements of %’. First, we choose a star refinement
U' =<4 W so that for every W € #/, there exists U’ € %' such that St(W, #) C U’.
In this case, we can choose the projection map pyry : |[N(#)| — |[N(%')| so
that if py» (W) = U’ on vertices, then St(W, #) C U’ in X. This choice will be
important near the end of the proof.

To construct g, we must take further refinements. First, we choose a sequence of
a refinements

W =Wy <V <" <2< < <. <O

followed by one last refinement #y <, % = 7. Let Vy € ¥ be any set containing
Xo and recall that since X is paracompact Hausdorff (¥, V) € A. For some choice
of canonical map py, we have p;l(st(V, N@)))CViforall Vev.

Recall that we have assumed the existence of a map

fr :(@Any1,0) = (IN()], Vo)

suchthat py yu([ fy1)=[fa]. SetYy = f,.;l (st(V,N(¥)))sothat# ={Yy |V eV}
is an open cover of A, ;. As before, we find a simplicial approximation for f .
Find m € N such that the star st(a, sd” dA,1) of each vertex a in sd” 9A, 14
lies in a set Yy, € ¢ for some V, € ¥. Since fy(0) = Vj, we may take V, =
Vo. The assignment a — V,, on vertices extends to a simplicial approximation
flisd™ oA, 1 — [N()| of fy,ie., asimplicial map f’ such that

fr(st@@, sd” dA,11)) S st(f' (@), INO)D) = st(Va, IN(/)D)

for each vertex a.

We begin to define g with the constant map {0} — X sending o to xo. In
preparation for applications of Lemma 4.6, set K = sd” dA,+; and L = {0} so
that K[k] = K. First, we define a map go : M[0] — X by picking, for each
vertex a € Ky, a point go(a) € V,. In particular, set go(0) = xo. This choice is
well defined since we have py (xg) = Vy € st(V,, N(¥)) and thus go(0) = xg €
p;l(st(Vo, N(7))) C V,. Note that " maps every simplex o = [ag, ai, ..., ai]
of K to the simplex of |N(7')| spanned by {V,, | 0 <i < k}. By definition of the



238 JOHN K. ACETI AND JEREMY BRAZAS

nerve, we have [ {V,, | 0 <i <k} # @. Pick a point x, € [{V,, | 0 <i <k}.
By our initial choice of refinements, we have %y <, ¥. If 0 = [ag, ay, ..., a,]
is a n-simplex of K, then St(x,, ¥) C Uy, for some Uy, € %). In particular
{g0(@i) |10<i<n+1} S J{V, |0<i <n} S Uy,. Thus gop maps the 0O-skeleton
of o into Uy . If 0 € 0, then go(0) € p;l(st(Vo, N(7))) €V, C Up,. Hence, for
every n-simplex o of K, we have go(c N M[0]) € Up ;.

We are now in the situation to recursively apply Lemma 4.6. This is similar to
the application in the proof of Lemma 5.1 with the dimension n 4 1 shifted down
by one so we omit the details. Recalling that M[n] = sd™ dA, 4+, we obtain an
extension g : K = M[n] — X of go such that for every n-simplex o of K, we have
g(o) € W, for some W, € # = %,.

With g being defined, we seek show that f, >~ py o g. Since f' =~ fy (by
simplicial approximation), py v = pa a0 payry o pyy (for any choice of projection
maps), and pyy o fy =~ f4 (for any choice of projection pg y), it suffices to show
that py o0 pyyry o pyvo f' =~ pay og. We do this by proving that the simplicial map
F=pyyopywyopyyof :K—|N(%)|isasimplicial approximation for py og.
Recall that this can be done by verifying the “star-condition” py o g(st(a, K)) C
st(F(a), |[N(%)|) for any vertex a € K [Munkres 1984, Chapter 2, Section 14].
Since n > 1, we have # <., ¥. Hence, just like our choice of pyy, we may
choose py - so that whenever py (V)= W, then St(V, ¥) C W. Also, we choose
paa to map p,' (st(U, |N(#%)|)) — U on vertices.

Fix a vertex ag € K. To check the star-condition, we’ll check that py o g(o) C
st(F'(ag), [N (%)) for each n-simplex o having ag as a vertex. Pick an n-simplex
o =lag, ai, ..., a,]) C K having ay as a vertex. Recall that f'(a;) = V,, for each i.
Set pyy (Vg,) = Wi and poyry (W) = p; (st(U;, IN(%)))) € ' for some U; € % .
Then F(a;) = U; for all i. It now suffices to check that py og(o) C st(Uy, |N(%))).
Recall that by our choice of pyy, we have St(Wy, #) C p;} (st(Uo, IN(Z)))).
Thus it is enough to check that g(o) € St(Wy, #'). By construction of g, we have
g(o) € W, for some W, € #. Since g(ag) € WoN W,, we have g(o) C W, C
St(Wy, #'), completing the proof. ([

Finally, we prove our second result, Theorem 1.2.

Proof of Theorem 1.2. Since X is paracompact, Hausdorff, LC"~!, we have
n,fp (X, x9) = ker(¥,) by Theorem 1.1. Since X is semilocally 7,-trivial, we
have n,fp (%, x0) = 1 for some % € A. It follows that WV, is injective. More-
over, by Lemma 5.1, we may find ¥ € A with ker(py#) C n,fp (%, xy). Thus
Py (X, x0) = T (IN(¥)|, Vo) is injective. Let ([f#D)wea € 7a(X, X0). By
Lemma 6.1, for each € A, there exists [g4 ] € 7, (X, xo) such that py ([g#]) =
[f#]. If ¥ < #, then we have

pralgr]) = [frv] = prywa(lfw]) = pryso prualgr] = pra(lgr]).
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Since py# is injective, it follows that [gy ] = [gy»] whenever ¥ < #'. Setting
[g] =[gr] gives W, ([g]) = ([ f#])#en. Hence, W, is surjective. O

7. Examples

Example 7.1. Fix n > 2. When X is a metrizable LC"~! space, the cone CX
and unreduced suspension SX are LC"~! and semilocally 7,,-trivial but need not
be LC". This occurs in the case X =, orif X =Y VE, where Y is a CW-complex.
In such cases, ¥, : 7, (SX) — 7, (SX) is an isomorphism. One point unions of such
cones and suspensions, e.g., CX vV CY or CX Vv SY also meet the hypotheses of
Theorem 1.2 (checking this is fairly technical [Brazas 2021]) but need not be LC”".

Example 7.2. The converse of Theorem 1.2 does not hold. Forn > 2, E,, is LC n—1
but is not semilocally i, -trivial at the wedgepoint xo. However, W, : 7, (E,, xo) —
7, (E,, xo) is an isomorphism where both groups are canonically isomorphic to ZN
[Eda and Kawamura 2000a]. Additionally, for the infinite direct product [ [ S”,
Wy 7 ([T 87, x0) = 77 ([ Ty S™, xo) is an isomorphism for all k > 1 even though
[T S" is not LC*~! whenk — 1 > n.

Example 7.3. We can also modify the mapping torus My from Example 5.3 so
that W,, becomes an isomorphism (recall that n > 2 is fixed). Let X = My UCE,
be the mapping cone of the inclusion E, — M. For the same reason M is
LC" !, the space X is LC"!. Moreover, if U is a neighborhood of «(¢) that
deformation retracts onto a homeomorphic copy of E,, then any map $” — U may
be freely homotoped “around” the torus and into the cone. It follows that X is
semilocally m,-trivial. We conclude from Theorem 1.2 that W, : 7, (X) — 7, (X) is
an isomorphism. Since sufficiently fine covers of X always give nerves homotopy
equivalent to Stv §"*1 we have 7,(X) = 0. Thus 7,(X) = 0.

Example 7.4. Let n > 2 and X = E; v S” (see Figure 2). Note that because [E; is
aspherical [Cannon et al. 2002; Curtis and Fort 1957], X is semilocally 7, -trivial.
However, X is not LC' because it has E; as a retract. It is shown in [Brazas
2021] that 77, (X) = 69”1([&) 7T, (S") = @m(h) Z and that ¥, : 7, (X) — 7,(X) is
injective. In particular, we may represent elements of 7, (X) as finite-support sums
Zﬂem([El) mpg where mg € Z. We show that W, is not surjective.

Identify m{(X) with 71 (E;) and recall from [Eda 1992] that we can represent
the elements of 71 (E;) as countably infinite reduced words indexed by a countable
linear order (with a countable alphabet 81, B2, B3, . ..). Here B; is represented by
aloop S! — [E; going once around the j-th circle. Let X ; be the union of §" and
the largest j circles of E; so that X = lim i X Identify 71 (X ;) with the free group
F; on generators f1, B2, ... B; and note that 7, (X ;) = @F,- Z. Thus we may view
an element of 7, (X ;) as a finite-support sums Zw eF, Mu of integers indexed over
reduced words in F;. Letd; 1 ;: Fj41 — F; be the homomorphism that deletes the
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Figure 2. The one point union E; v S2.

letter B;+1. Consider the inverse limit 771 (X) = l(iLnj(Fj, djy1,j). Themap X — X ;
that collapses all but the first j-circles of E induces a homomorphism d; : 1 (X) —
F;. There is a canonical homomorphism ¢ : 71(X) — 71(X) = 1<i1_nj (Fj,djy1,})
given by ¢(B) = (d1(B), d2(B), ...), which is known to be injective [Morgan
and Morrison 1986] but not surjective. For example, if x; = ]—[];:1 [B1, B;], then
(x1, X2, X3, X4, ... ) is an element of 771 (X) not in the image of ¢.

The bonding map b1 ; : 7,(X;411) — 7,(X;) sends a sum ZweFM my to
ZveFj po» Where p, = Zdj+1,,(w)=v my,. Similarly, projection map b; : 1, (X) —
(X ;) sends the sum Zﬂem(x) ng to ZUGF/_ m, where m, = Zdj(ﬂ):v mg. Let
yj € m,(X) be the sum whose only nonzero coefficient is the x ;-coefficient, which
is 1. Since dj41, j(xj4+1) = xj, it’s clear that (yi, y2, y3,...) € 7,(X). Suppose
\Dn(zﬂ mﬁ) = (y1, 2, ¥3, ...). Writing Zﬂ mg as a finite sum Y ;_, mpg, for
nonzero mg,, we must have ) d;(B)=x; Mp; =1 for all j € N. Since there are only
finitely many B; involved, there must exist at least one i for which d;(B;) = x;
for infinitely many j. For such i, we have ¢(8;) = (x1, x2, X3, ...), which, as
mentioned above, is impossible. Hence W, is not surjective.

The previous example shows why we cannot remove the LC"~! hypothesis in
Theorem 1.2. Since we weakened the hypothesis from [Kozlowski and Segal 1978]
in dimension n and no hypothesis in dimension # is required for Theorem 1.1, one
might suspect that we might be able to remove the dimension n hypothesis com-
pletely. The next example, which is a higher analogue of the harmonic archipelago
[Bogley and Sieradski 1998; Conner et al. 2015; Karimov and Repovs 2012] shows
why this is not possible.

Example 7.5. Letn >2and ¢; : S" — [, be the inclusion of the j-th n-sphere in [,.
Let X be the space obtained by attaching (n4-1)-cells to E, using the attaching
maps £;. Since E, is LC" ' it follows that X is LC"~!. However, X is not
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semilocally m,-trivial at the wedgepoint o of E,. Indeed, the infinite concatenation
maps [ | j=k €j =4k - Liq1 - - - are not null-homotopic (using a standard argument
that works for the harmonic archipelago) but are all homotopic to each other. Thus,
7, (X, 0) # 0. However, for sufficiently fine open covers € O(X), |N(%)|
is homotopy equivalent to a wedge of (n + 1)-spheres and thus 7,(X, 0) = 0.
Therefore, despite X being LC" ! W, is not an isomorphism. In fact, 7, (X, 0) =
n,fp(X, 0) = ker(¥,). The reader might also note that since F,_; is (n — 1)-
connected and 7, (E,, 0) = H,(E,) = ZV, X will also be (n — 1)-connected. A
Meyer—Vietoris sequence argument similar to that in [Karimov and Repovs 2012]
can then be used to show 7,(X, 0) = H,(X) = 7"/ &N Z.

References

[Bahredar et al. 2021] A. A. Bahredar, N. Kouhestani, and H. Passandideh, “The n-dimensional
Spanier group”, Filomat 35:9 (2021), 3169-3182. MR

[Bogley and Sieradski 1998] W. A. Bogley and A. J. Sieradski, “Universal path spaces”, preprint,
1998.

[Brazas 2021] J. Brazas, “Sequential n-connectedness and infinite factorization in higher homotopy
groups”, preprint, 2021. arXiv 2103.13456

[Brazas and Fabel 2014] J. Brazas and P. Fabel, “Thick Spanier groups and the first shape group”,
Rocky Mountain J. Math. 44:5 (2014), 1415-1444. MR Zbl

[Cannon and Conner 2006] J. W. Cannon and G. R. Conner, “On the fundamental groups of one-
dimensional spaces”, Topology Appl. 153:14 (2006), 2648-2672. MR Zbl

[Cannon et al. 2002] J. W. Cannon, G. R. Conner, and A. Zastrow, “One-dimensional sets and planar
sets are aspherical”, Topology Appl. 120:1-2 (2002), 23-45. MR Zbl

[Conner et al. 2015] G. R. Conner, W. Hojka, and M. Meilstrup, “Archipelago groups”, Proc. Amer.
Math. Soc. 143:11 (2015), 4973-4988. MR Zbl

[Curtis and Fort 1957] M. L. Curtis and M. K. Fort, Jr., “Homotopy groups of one-dimensional
spaces”, Proc. Amer. Math. Soc. 8 (1957), 577-579. MR Zbl

[Eda 1992] K. Eda, “Free o-products and non-commutatively slender groups”, J. Algebra 148:1
(1992), 243-263. MR Zbl

[Eda and Kawamura 1998] K. Eda and K. Kawamura, “The fundamental groups of one-dimensional
spaces”, Topology Appl. 87:3 (1998), 163-172. MR Zbl

[Eda and Kawamura 2000a] K. Eda and K. Kawamura, “Homotopy and homology groups of the
n-dimensional Hawaiian earring”, Fund. Math. 165:1 (2000), 17-28. MR Zbl

[Eda and Kawamura 2000b] K. Eda and K. Kawamura, “The surjectivity of the canonical homomor-
phism from singular homology to Cech homology”, Proc. Amer. Math. Soc. 128:5 (2000), 1487-1495.
MR Zbl

[Eda and Kawamura 2010] K. Eda and K. Kawamura, “On the asphericity of one-point unions of
cones”, Topology Proc. 36 (2010), 63-75. MR Zbl

[Eda et al. 2013] K. Eda, U. H. Karimov, D. Repovs, and A. Zastrow, “On snake cones, alternating
cones and related constructions”, Glas. Mat. Ser. 111 48(68):1 (2013), 115-135. MR Zbl

[Fischer and Guilbault 2005] H. Fischer and C. R. Guilbault, “On the fundamental groups of trees of
manifolds”, Pacific J. Math. 221:1 (2005), 49-79. MR Zbl

[Fischer and Zastrow 2005] H. Fischer and A. Zastrow, “The fundamental groups of subsets of closed
surfaces inject into their first shape groups”, Algebr. Geom. Topol. 5 (2005), 1655-1676. MR Zbl


http://dx.doi.org/10.2298/FIL2109169B
http://dx.doi.org/10.2298/FIL2109169B
http://msp.org/idx/mr/4365431
http://msp.org/idx/arx/2103.13456
http://dx.doi.org/10.1216/RMJ-2014-44-5-1415
http://msp.org/idx/mr/3295636
http://msp.org/idx/zbl/1306.57004
http://dx.doi.org/10.1016/j.topol.2005.10.008
http://dx.doi.org/10.1016/j.topol.2005.10.008
http://msp.org/idx/mr/2243740
http://msp.org/idx/zbl/1105.55008
http://dx.doi.org/10.1016/S0166-8641(01)00005-0
http://dx.doi.org/10.1016/S0166-8641(01)00005-0
http://msp.org/idx/mr/1895481
http://msp.org/idx/zbl/0993.54031
http://dx.doi.org/10.1090/proc/12609
http://msp.org/idx/mr/3391054
http://msp.org/idx/zbl/1325.55007
http://dx.doi.org/10.2307/2033520
http://dx.doi.org/10.2307/2033520
http://msp.org/idx/mr/86296
http://msp.org/idx/zbl/0078.37102
http://dx.doi.org/10.1016/0021-8693(92)90246-I
http://msp.org/idx/mr/1161575
http://msp.org/idx/zbl/0779.20012
http://dx.doi.org/10.1016/S0166-8641(97)00167-3
http://dx.doi.org/10.1016/S0166-8641(97)00167-3
http://msp.org/idx/mr/1624308
http://msp.org/idx/zbl/0922.55008
http://dx.doi.org/10.4064/fm-165-1-17-28
http://dx.doi.org/10.4064/fm-165-1-17-28
http://msp.org/idx/mr/1804998
http://msp.org/idx/zbl/0959.55010
http://dx.doi.org/10.1090/S0002-9939-99-05670-1
http://dx.doi.org/10.1090/S0002-9939-99-05670-1
http://msp.org/idx/mr/1712917
http://msp.org/idx/zbl/0942.55008
http://topology.nipissingu.ca/tp/reprints/v36/tp36006.pdf
http://topology.nipissingu.ca/tp/reprints/v36/tp36006.pdf
http://msp.org/idx/mr/2581262
http://msp.org/idx/zbl/1196.55015
http://dx.doi.org/10.3336/gm.48.1.11
http://dx.doi.org/10.3336/gm.48.1.11
http://msp.org/idx/mr/3064248
http://msp.org/idx/zbl/1277.54025
http://dx.doi.org/10.2140/pjm.2005.221.49
http://dx.doi.org/10.2140/pjm.2005.221.49
http://msp.org/idx/mr/2194145
http://msp.org/idx/zbl/1097.55011
http://dx.doi.org/10.2140/agt.2005.5.1655
http://dx.doi.org/10.2140/agt.2005.5.1655
http://msp.org/idx/mr/2186114
http://msp.org/idx/zbl/1086.55009

242 JOHN K. ACETI AND JEREMY BRAZAS

[Fischer and Zastrow 2007] H. Fischer and A. Zastrow, “Generalized universal covering spaces and
the shape group”, Fund. Math. 197 (2007), 167-196. MR Zbl

[Fischer et al. 2011] H. Fischer, D. Repovs, 7. Virk, and A. Zastrow, “On semilocally simply
connected spaces”, Topology Appl. 158:3 (2011), 397-408. MR Zbl

[Ghane and Hamed 2009] F. Ghane and Z. Hamed, “n-homotopically Hausdorft spaces”, lecture
notes, Univ. Kurdistan, 2009, available at https://profdoc.um.ac.ir/paper-abstract-1012363.html.

[Karimov and Repovs 2012] U. H. Karimov and D. Repovs, “On the homology of the harmonic
archipelago”, Cent. Eur. J. Math. 10:3 (2012), 863-872. MR Zbl

[Kawamura 2003] K. Kawamura, “Low dimensional homotopy groups of suspensions of the Hawaiian
earring”, Collog. Math. 96:1 (2003), 27-39. MR Zbl

[Kozlowski and Segal 1977] G. Kozlowski and J. Segal, “Locally well-behaved paracompacta in
shape theory”, Fund. Math. 95:1 (1977), 55-71. MR Zbl

[Kozlowski and Segal 1978] G. Kozlowski and J. Segal, “Local behavior and the Vietoris and
Whitehead theorems in shape theory”, Fund. Math. 99:3 (1978), 213-225. MR Zbl

[Kuperberg 1975] K. Kuperberg, “Two Vietoris-type isomorphism theorems in Borsuk’s theory of
shape, concerning the Vietoris—Cech homology and Borsuk’s fundamental groups”, pp. 285-313 in
Studies in topology (Charlotte, NC, 1974), edited by N. M. Stavrakas and K. R. Allen, Academic
Press, New York, 1975. MR Zbl

[Mardesi¢ 1959] S. Mardesié, “Comparison of singular and Cech homology in locally connected
spaces”, Michigan Math. J. 6 (1959), 151-166. MR Zbl

[Mardesi¢ and Segal 1982] S. Mardesi¢ and J. Segal, Shape theory: the inverse system approach,
North-Holland Math. Lib. 26, North-Holland, Amsterdam, 1982. MR Zbl

[Morgan and Morrison 1986] J. W. Morgan and I. Morrison, “A van Kampen theorem for weak joins”,
Proc. Lond. Math. Soc. (3) 53:3 (1986), 562-576. MR Zbl

[Munkres 1984] J. R. Munkres, Elements of algebraic topology, Addison-Wesley, Menlo Park, CA,
1984. MR Zbl

[Spanier 1966] E. H. Spanier, Algebraic topology, McGraw-Hill, New York, 1966. MR Zbl

[Stone 1948] A. H. Stone, “Paracompactness and product spaces”, Bull. Amer. Math. Soc. 54 (1948),
977-982. MR Zbl

[Virk 2020] Z. Virk, “I-dimensional intrinsic persistence of geodesic spaces™, J. Topol. Anal. 12:1
(2020), 169-207. MR Zbl

[Willard 1970] S. Willard, General topology, Addison-Wesley, Reading, MA, 1970. MR Zbl

Received August 14, 2022. Revised February 17, 2023.

JOHN K. ACETI

DEPARTMENT OF MATHEMATICS
WEST CHESTER UNIVERSITY
WEST CHESTER, PA

UNITED STATES

acetikjohn @proton.me

JEREMY BRAZAS

DEPARTMENT OF MATHEMATICS
WEST CHESTER UNIVERSITY
WEST CHESTER, PA

UNITED STATES

jbrazas@wcupa.edu


http://dx.doi.org/10.4064/fm197-0-7
http://dx.doi.org/10.4064/fm197-0-7
http://msp.org/idx/mr/2365886
http://msp.org/idx/zbl/1137.55006
http://dx.doi.org/10.1016/j.topol.2010.11.017
http://dx.doi.org/10.1016/j.topol.2010.11.017
http://msp.org/idx/mr/2754363
http://msp.org/idx/zbl/1219.54028
https://profdoc.um.ac.ir/paper-abstract-1012363.html
http://dx.doi.org/10.2478/s11533-012-0038-2
http://dx.doi.org/10.2478/s11533-012-0038-2
http://msp.org/idx/mr/2902219
http://msp.org/idx/zbl/1250.54033
http://dx.doi.org/10.4064/cm96-1-4
http://dx.doi.org/10.4064/cm96-1-4
http://msp.org/idx/mr/2013707
http://msp.org/idx/zbl/1037.55003
http://dx.doi.org/10.4064/fm-95-1-55-71
http://dx.doi.org/10.4064/fm-95-1-55-71
http://msp.org/idx/mr/442926
http://msp.org/idx/zbl/0348.54008
http://dx.doi.org/10.4064/fm-99-3-213-225
http://dx.doi.org/10.4064/fm-99-3-213-225
http://msp.org/idx/mr/482754
http://msp.org/idx/zbl/0396.55008
http://dx.doi.org/10.1016/B978-0-12-663450-1.50030-X
http://dx.doi.org/10.1016/B978-0-12-663450-1.50030-X
http://msp.org/idx/mr/0383398
http://msp.org/idx/zbl/0323.55021
http://projecteuclid.org/euclid.mmj/1028998187
http://projecteuclid.org/euclid.mmj/1028998187
http://msp.org/idx/mr/105677
http://msp.org/idx/zbl/0088.38503
https://www.sciencedirect.com/bookseries/north-holland-mathematical-library/vol/26/suppl/C
http://msp.org/idx/mr/676973
http://msp.org/idx/zbl/0495.55001
http://dx.doi.org/10.1112/plms/s3-53.3.562
http://msp.org/idx/mr/868459
http://msp.org/idx/zbl/0609.57002
http://msp.org/idx/mr/755006
http://msp.org/idx/zbl/0673.55001
http://dx.doi.org/10.1007/978-1-4684-9322-1
http://msp.org/idx/mr/0210112
http://msp.org/idx/zbl/0145.43303
http://dx.doi.org/10.1090/S0002-9904-1948-09118-2
http://msp.org/idx/mr/26802
http://msp.org/idx/zbl/0032.31403
http://dx.doi.org/10.1142/S1793525319500444
http://msp.org/idx/mr/4080099
http://msp.org/idx/zbl/1443.55002
http://msp.org/idx/mr/0264581
http://msp.org/idx/zbl/0205.26601
mailto:acetikjohn@proton.me
mailto:jbrazas@wcupa.edu

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Matthias Aschenbrenner
Fakultit fur Mathematik
Universitit Wien
Vienna, Austria
matthias.aschenbrenner @univie.ac.at

Robert Lipshitz
Department of Mathematics
University of Oregon
Eugene, OR 97403
lipshitz@uoregon.edu

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Paul Balmer
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari @math.ucr.edu

Sorin Popa
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2023 is US $605/year for the electronic version, and $820/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2023 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias.aschenbrenner@univie.ac.at
mailto:lipshitz@uoregon.edu
mailto:balmer@math.ucla.edu
mailto:liu@math.ucla.edu
mailto:yang@math.princeton.edu
mailto:chari@math.ucr.edu
mailto:popa@math.ucla.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

Local exterior square and Asai L-functions for GL(n) in odd 301
characteristic

YEONGSEONG JO

On weak convergence of quasi-infinitely divisible laws 341
ALEXEY KHARTOV

C*-irreducibility of commensurated subgroups 369
KANG L1 and EDUARDO SCARPARO
Local Maass forms and Eichler—Selberg relations for negative-weight 381
vector-valued mock modular forms
JOSHUA MALES and ANDREAS MONO
Representations of orientifold Khovanov—Lauda—Rouquier algebras 407
and the Enomoto—Kashiwara algebra
TOMASZ PRZEZDZIECKI



	Elements of Higher Homotopy Groups Undetectable by Polyhedral Approximation
	1. Introduction
	2. Preliminaries and notation
	2.1. Simplicial complexes
	2.2. The Čech expansion and shape homotopy groups

	3. Higher Spanier groups
	4. Recursive extension lemmas
	5. A proof of Theorem 1.1
	6. When is n an isomorphism?
	7. Examples
	References

